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Since Fox is unbounded for equitorial intersections, eox is
degenerate, and all states are to be counted, the formulation
proposed in Ref. 1 is inconsistent and should be revised. The
length 0<£<Z>0 defines the time from initial oxidizer particle
exposure at the burning surface. Therefore, it uniquely
defines all states. Consequently, replacing Foxdeox with FOXft
cftf eliminates the aforementioned inconsistencies. This yields

S D0 j -oo

„ ^ox,f€oxU J tf
(16)

Equation (16) should replace Eq. (7) of Ref. 1. Extension of
monodisperse distribution functions to polydisperse
situations is treated in Ref. 2.
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HAs noted previously, FOXt( = l/D0 for monodisperse situations.

Free-Interface Methods of Substructure
Coupling for Dynamic Analysis

Roy R. Craig Jr.* and Ching-JoneChangf
The University of Texas, Austin, Tex.

Introduction

SUBSTRUCTURE coupling methods have been developed
in order to reduce the number of coordinates in a dynamic

analysis of a complex structure, to permit analysis and design
of different portions of a structure to proceed independently,
and to permit testing of various portions of a structure to be
done independently. References 1 and 2 survey most of the
currently available methods with Ref. 2 providing numerical
comparisons of the accuracy of eigenvalues obtained by a
number of the methods. Substructure coupling methods can
be classified as fixed-interface methods, free-interface
methods, or hybrid methods, depending upon whether the
mode shapes used to define substructure coordinates are ob-
tained with the interface coordinates fixed, free, or a com-
bination of the two. As noted by Benfield, et al.2 the fixed-
interface methods have been found to produce the best ac-
curacy, while the free-interface methods of Hou and Gold-
man produced the poorest accuracy.

Although accuracy, or rate of convergence, is an important
criterion to be used in selecting a substructure coupling
method, two other important criteria are: substructure in-
dependence and test compatibility. None of the methods sur-

veyed in Ref. 2 satisfies all three of the aforementioned
criteria.

Several authors have suggested augmenting substructure
normal modes in order to improve the convergence of free-
interface methods.3"6 In the present Note a substructure
coupling method employing free-interface substructure nor-
mal modes supplemented by "reduced flexibility" will be
presented. The basic ideas for representing the substructures
are contained in the works of MacNeal4 and Rubin.6 The
purpose of the present Note is to present a discussion of sub-
structure coupling based on the improved substructure model
and to present numerical results comparing the present
method, which will be referred to as MacNeal's method, with
Hou's method. To simplify presentation of the method here,
the substructure equations are developed first for constrained
substructures. Then the equations representing substructures
with rigid-body modes are presented. Finally, the equations
for coupling of substructures are developed, and examples are
given.

Substructure Equations
Since the primary concern of this Note is to describe a sub-

structure coupling method for use in calculating system modes
and frequencies, only the equations of undamped vibration
will be considered. For a given substructure, these may be
written in the form

mu mu k kl\,n K,jj

k k
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(1)

where Xj is the set of junction (interface) coordinates, #, is the
set of interior coordinates, and fj contains the forces trans-
mitted to the substructure through junction coordinates. The
free-interface modes are determined by the eigenvalue
equation

[k-\2
am]<l>a = 0 (2)

The modes will be assumed to be normalized so that

and collected to form a modal matrix $.
A coordinate transformation relating physical coordinates,

jc, to modal coordinates p is given by

(4)

where $k pk is the contribution of modes which are kept. The
contribution $a pa will be replaced by an approximation.

When Eq. (4) is substituted into Eq. (1) there results a set of
n equations of the form

(5)

If harmonic motion is assumed, i.e.,p=pcosut, etc., Eqs. (4)
and (5) may be combined to give

(6)
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The last series represents the "residual flexibility" of modes
not explicitly kept. This can be obtained by subtracting from
the flexibility matrix, G — k'1, the contribution due to kept
modes. Then Eq. (6) may be written as

(7)
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where

(8)

Finally, Eqs. (5) and (7) lead to the primary equations
representing a substructure, namely

and

(9)

(10)

If a substructure has rigid-body degrees of freedom, the
static flexibility matrix, G = k~], does not exist, and an alter-
native formulation is required. MacNeal4 proposed the
following procedure. Let the orthonormalized rigid-body
modes and flexible-body modes form the modal matrices <i>r
and $f, respectively. Then

(11)

(12)

03)

Hence, under the action of applied forces/, the substructure is
subjected to an equilibrated force system given by

The resulting rigid-body equations of motion are

The rigid body inertia forces are given by

f (14)

To determine the pseudo-static flexible-body displacement
due toff it is necessary to determine the displacement relative
to some arbitrary statically-determinate constraint and then to
remove any rigid-body displacements from this relative
displacement. Let Gc be the flexibility matrix relative to the
imposed constraints (including rows and columns of zeros at
the constraint degrees-of-freedom). Then

where G is now given by

G=AT Gc A

(15)

(16)

This expression for G is used in Eq. (8) when the substructure
has rigid-body degrees-of-freedom. Then $k must contain the
rigid-body modes.

Coupling of Substructures
Let two substructures, A and B, be joined at a common in-

terface. The compatibility of displacements and equilibrium
of forces at the interface are expressed by the equations

XjA=XJB (17)
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Fig. 1 Example two-substructure beams.

fjA = ~J (18)

If Eq. (10) is written for each substructure and Eqs. (17) and
(18) are employed, the following expression forfJA is obtained

fjA = KJJ

where

(19)

(20)

Equation (9) may now be written for each substructure, with
Eqs. (18) and (19) used to express/"^ and/~# in terms of pkA
and pkB. Then the following system equation is obtained.

KB

PkA

PkB
=

0 pkA

(21)

where

KAB=KT
BA=-3>}kAKjj3>jkB

KBB = hkB + $kBK$>kB (22)

Note that the final system coordinates are a combination of
the kept modal coordinates of the two substructures, but all
interface coordinates have been reduced out. Also note that
the only information required to form the matrices of Eqs.
(22), beyond information on the kept modes, is GjjA and GjjB.
Hence, there is some promise that this method will prove to be
quite compatible with currently feasible test procedures. Two
brief examples are presented below to show the significant im-
provement in the present method as compared to Hou's
method.

Examples
Figure 1 shows two beam configurations studied. In Table 1

the frequencies of a two-substructure clamped-clamped beam,
as obtained by MacNeal's method, are compared with results
obtained by Hou's method. In Table 2 similar results are
presented for a two-substructure free-free beam.

Table 1 Frequencies of a two-substructure clamped-clamped beam

Elastic
mode
number

1
2
3
4
5
6
7

HA =4,
MacNeal

0.00020855
0.00158782
0.00614521
0.01707075
0.03890897
0.07975906
0.40279307

nB = 3

error
0.00
0.02
0.14
0.54
0.68
5.47

X

nA=6,
MacNeal

0.00020854
0.00158760
0.00613799
0.01699774
0.03866336
0.07613860
0.16425283

nB = 4

error
0.00
0.00
0.02
0.11
0.04
0.68
0.48

nA=4,.
Hou

0.00024825
0.00172805
0.00723442
0.02294540
0.04195877

nB = 3

error
19.04
8.85

17.89
35.13

8.57

Exact

o ; 2 x l O ~ 1

0.00020854
0.00158754
0.00613670
0.01697985
0.03864799
0.07562475
0.16346229
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Table 2 Frequencies of a two-substructure free-free beam 1.0

Elastic
mode
number
1
2
3
4
5
6
7

nA=59n
MacNeal

c^'xlO-1

0.00020855
0.00158753
0.00613810
0.01700570
0.03852031
0.07837021
0.39281608

!* = 4
%

error
0.00
0.02
0.14
0.55
0.69
5.52

X

nA=5,nB

MacNeal
w 2 x l O ~ 1

0.00028069
0.00175287
0.00720175
0.02282519
0.04155454

= 4
%

error
34.60
10.44
17.49
34.96
8.62

Exact

a ; 2 X l O ~ 1

0.00020854
0.00158720
0.00612967
0.01691298
0.03825621
0.07427024
0.15736511

Conclusions
The incorporation of residual flexibility into the for-

mulation of a free-interface substructure coupling procedure
is easily accomplished and produces a very significant im-
provement in the accuracy of system frequencies.
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Free Flight Measurements of
Catastrophic Water Drop Breakup

W. G. Reinecke* and W. L. McKayt
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To verify that the definition of catastrophic water drop
breakup, which is based on x-ray and shadow images of

the drops in the shock tube,M corresponds to the elimination
of the drops' potential for erosion in flight, we conducted a
free flight drop breakup and impact experiment in the Avco
Rain and Dust Erosion Facility (RADEF).5 The RADEF is a
ballistic range in which material samples are flown through
rain, dust, or ice environments at speeds up to 15,000 fps, suf-
fer multiple impact erosion, and are subsequently decelerated
and recovered to measure erosion damage and crater mor-
phology. In the verification tests a single monodisperse drop
generator of the type described in Ref. 5 was used. The drop
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Fig. 1 Cumulative drop number fraction vs water drop diameter.
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Fig. 2 Cross section of ballistic range water drop breakup and im-
pact model.
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Fig. 3 Initial diameter of smallest drop reaching surface obtained
from correlations of shock tube data.

size distribution was obtained from photographs of the
generated drop streams. From these photographs, we can
calculate the number fraction of drops with diameter ex-
ceeding any given diameter. This curve is shown in Fig. 1.

Since the two stage light gas gun in the RADEF cannot
launch models larger than 0.8 inches in diameter at hyper-
velocities, it was necessary to fire recessed models through the
rain field in order to achieve effective shock standoff distan-
ces large enough to shatter drops of the size produced by the
generator. At hypersonic speeds and when viewed in the
frame of reference of the undisturbed drops, there is only a
small variation in aerodynamic conditions between the con-


